The phase transition for turbulent diffusion, reported by Avellaneda and Majda [Avellaneda, M. & Majda, A. J. (1994) Philos. Trans. R. Soc. London A 346, and several earlier papers], is traced to a modeling assumption in which the energy spectrum of the turbulent fluid is singularly dependent on the viscosity in the inertial range. Phenomenological models of turbulence and intermittency, by contrast, require that the energy spectrum be independent of the viscosity in the inertial range. When the energy spectrum is assumed to be consistent with the phenomenological models, there is no phase transition for turbulent diffusion.
In a series of recent papers (1-6), Avellaneda and Majda have studied turbulent diffusion of a passive scalar in a twoparameter family of random velocity fields. Strikingly, they find a dramatic change in behavior, or phase transition, along a boundary passing through the Kolmogorov parameter values. Conjectures have been made concerning the physical significance of this phase transition (3, 5) .
The analysis in refs. 1-6 assumes a particular scaling for these velocity fields, or equivalently, for the energy spectrum, as a function of the Reynolds number. This paper shows that this scaling differs from the scaling adopted in phenomenological models of turbulence. The latter scaling is uniquely determined by widely accepted physical ideas about threedimensional turbulence, such as the notion of a forward energy cascade, and is supported by experiment (7) . The former is incompatible with these ideas and these models. This paper shows further that the phase transition through the Kolmogorov point is a consequence of this scaling and disappears when the scaling of the phenomenological models is used instead. Thus, the physical relevance of the phase transition to turbulent diffusion in three dimensions is questionable.
The usual scaling in phenomenological models of turbulence is determined by the physical requirement that the inertial range energy spectrum be independent of the viscosity (8, 9) . This is implied by Richardson's model (23) of a forward energy cascade, in which the mechanism of energy transfer in the inertial range is independent of the viscosity, and the role of the viscosity is to cut off the cascade at small scales. The original Kolmogorov spectrum, given by the -/3 power law, is independent of the viscosity. Phenomenological models of intermittency predict modifications of this exponent. These additional powers of the wave vector must be nondimensionalized by the integral length scale, rather than the dissipation length scale, to preserve viscosity independence. Spectra with different exponents thus coincide at the integral scales, where the nondimensionalized wave vector is unity, but have different slopes on a log-log plot.
The scaling in refs. by the dissipation scales, and then varying the exponents. The different spectra coincide at a fixed scale, which is now the dissipation scale, and have different slopes on a log-log plot. This is illustrated in Fig. 1 . In general, we say that the spectrum is defined or generalized at a certain scale if, when written in coordinates nondimensionalized by that scale, there is no explicit dependence on the scaling parameter. Generalization at the small scales is natural (though not required) in renormalization group (RNG) analyses (10), and many well-known RNG analyses of turbulence, turbulent diffusion, and hydrodynamics define their inputs at the small scales (11, 12) . Refs. 1-6 are not RNG analyses, but they appear to have inherited the problem formulation from earlier RNG analyses of turbulence and turbulent diffusion (4) .
If, however, the Kolmogorov spectrum is generalized at the dissipation scales, then when the spectrum is written at the integral scales, the viscosity dependence of the dissipation scales emerges in the form of explicit viscosity-dependent scale factors. These drive the spectrum to zero or infinity in the infinite Reynolds number limit, depending on the values of the parameters. There is thus a sharp discontinuity in the energy spectrum along a line in the two-dimensional parameter space (see Fig. 2 ).
This discontinuity is responsible for the phase transition through the Kolmogorov point which was identified in refs. 1-6 (see Table 1 ). As the Reynold's number goes to infinity, the energy spectrum, when written in integral scale coordinates, goes to zero or infinity, depending on which side of the discontinuity it is on. As a result, the time scale at which a convected scalar evolves nontrivially goes to infinity or zero, Abbreviation: RNG, renormalization group.
The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U.S.C. §1734 solely to indicate this fact. ), when generalized at the dissipation scale and nondimensionalized at its own integral scales. The discontinuity at e = 4 -2z, which contains the Kolmogorov value (£, z) = (X/3, 2/3), causes the phase transition identified in refs. 1-6. The labeling of the regions follows refs. 1-6. respectively. Since the long-and short-time asymptotics of the governing equation are different, the time evolution of the scalar is different on either side of the boundary. This is the origin of the phase transition. When the conventional scaling is adopted the energy is finite and continuous, the time does not need to be rescaled, and there is no phase transition.
Although there is considerable current debate in the literature over the nature of intermittency, these debates do not appear to have any bearing on the conclusions of this paper. It is apparent from the last paragraph that in order for a phase transition to occur, the energy spectrum must have a singular dependence on the viscosity, so as to push the time evolution into an asymptotic regime. As noted above, this dependence violates the principle that the energy spectrum be independent of the viscosity at the integral scale, a principle which seems to be accepted by the various competing theories, despite their other differences. I am unaware of any theory of intermittency, new or old, which predicts a singular dependence on the viscosity. See, for example, refs. 9 and 13-19. In particular, theories which argue a significant role for small-scale structures do not lead to a spectrum which is generalized at the dissipation scale (17) .
In this paper, we restrict our attention to the physics of turbulent diffusion in three dimensions, since this appears to be the main area in which concrete applications of the analysis in refs. [1] [2] [3] [4] [5] [6] We will frequently work with nondimensionalized variables and functions. Unprimed coordinates will be used for dimensional quantities, primes for nondimensionalization at the integral scales, and double primes for nondimensionalization at the dissipation scales. Thus, k' = kLo, ti" = tlTd, etc.
Functions are nondimensionalized in the same way, and they are assumed to depend on variables nondimensionalized by the same scales. Thus, for example, E'(k', t') = (Ti(2/L3)E(k, t), [1] since E(k, t) has dimensions L3/r-(see Eq. 2).
According to the original Kolmogorov theory (8), the energy spectrum in the inertial range should be of the form EK(k, t) = C 213k513P(e/3k2/3t) Lo < k <Ll, [2] where T(0) = 1, f T(s)ds is finite, and C is a dimensionless constant.
We now consider generalizations of spectrum 2. In either integral scale or dissipation scale coordinates, the Kolmogorov spectrum is given by Eq. 2, with e replaced by one. In conventional intermittency theory, one generalizes the Kolmogorov spectrum by varying the exponents of k at the integral scale, so that in the parameterization of refs. 1-6, -/3 -> 1 -e and 2/3 -, z. Thus, integral scale generalization yields E'(k', t') = Ck'l-tP(k'zt'), 1 < k' < -1. [3] Dissipation-scale generalization yields El(k", t") = Ck"1 -N(k1ztll), < k" < 1. [4] These two generalizations are illustrated in Fig. 1 , for E(k) = E(k, 0). The values of (e, z) corresponding to the Kolmogorov spectrum are (8/3, 2/3). At the integral scales, Eb(k', t) = 52aE (k', bt'), [5] where a = 4/3 -£/2 and b = z 2/3.
[Use E'(k', t') = -5/3E"(V, t"), where k" = 6k' and t" = 6-213t', in Eq. 4.]
To gain further insight, we nondimensionalize ED(k, t) by its own integral length and time scales. It is shown in the Physical Basis section below that the integral length scale is Lo, but the integral time scale is v = 5-bTo. Use tildes to denote nondimensionalization by Lo and v. (We continue to use k' and x', though, because they coincide with k and x). From Eqs. 3 and 5, ED(k', t) = C (ab)kt -If(ktzt), 1 < k' < 61 [6] 62(a -h)El (k', t). [7] This is the energy spectrum generalized at the dissipation scale and written at the integral scales corresponding to that specz 0 Proc. Natl. Acad. Sci. USA 92 (1995) Proc. Natl. Acad. Sci. USA 92 (1995) 11007 trum. It is discontinuous at a = b, which is the line s = 4 -2z, where it goes from zero to infinity (see Fig. 2 dT(x, t) + u(x, t)UVT(x, t) = jiAT(x, t), [8] where ,u is the molecular diffusion coefficient. Refs. [1] [2] [3] [4] [5] [6] assume that the velocity field ui(x, t) is stationary and Gaussian with mean zero, which means that it is fully determined by its covariance Qi1(x, t) (ui(O, O)uj(x, t)), [9] where the angle brackets denote the ensemble average. The covariance is given by the energy spectrum: [10] where Pi>(k) = 5ij -kikj/k2, and fld is the area of the unit sphere in d dimensions. Let uf(x', t') and OD(X', t) be the velocity fields corresponding to Ef(k', t') and ED(k, t), respectively. By Eqs.
7, 9, and 10, UD(V) = a-bi. .t). [11] We consider first the case of integral-scale generalization. In integral-scale coordinates, we have dT'(x', t') 84/3 + u'(x', t')-VT'(x', t') = Sc AT'(x', t'), [12] where Sc = v/,i is the Schmidt number, which we assume (following refs. [1] [2] [3] [4] [5] [6] to be independent of 8. If u' = UI, the velocity field has finite energy, and T' depends nontrivially on t' for any s and z in the neighborhood of the Kolmogorov values. There is thus no phase transition. Now consider dissipation scale generalization. In tilde coordinates, with ui = UD, Eq. 8 reads alT(x'I F) t)V5'2-zif + uD(X', t)tVT(x', i) = S AT(x', ). [13] The behavior of T is very different in the 8 -> 0 limit, depending on whether a > b or a < b. Let t = 8a-bt. Then, using Eq. 11 to substitute for UD, T(,t) 86/2, + u(x', b-a).VT(XT t) = S T(x', t). [14] Note that the right-hand side goes to zero as 8 -> 0. We have scaling therefore corresponds to the short t asymptotics of Eq. 13 . This is because the energy in UD goes to infinity.
Since tnl = t1118a-b, the functional form of the rescaling is different in regions II and III. The boundary between them is thus a phase transition, in the sense of refs. 1-6. These results are discussed further in the Introduction and summarized in Table 1 .
Physical Basis for Generalization at the Integral Scale
Our basic assumption is that turbulence is correctly described by Richardson's model of a forward energy cascade, in which energy is injected at the large scales and transferred to progressively smaller scales, until a scale is reached at which the viscosity becomes relevant and the energy is dissipated as heat. Thus, the spectrum will not depend on the viscosity in the inertial range.
There are numerous detailed models of intermittency (9, 13, 14) which lead to a power-law energy spectrum with an altered exponent. On dimensional grounds, additional powers of k must be nondimensionalized by some length scale. Provided that the model in question is consistent with the notion of a forward energy cascade, additional powers of k will be nondimensionalized by Lo. Indeed, apart from k-1, which sets the scale at which fluctuations are being observed, there are only two natural length scales in the problem, Lo and Ld. Ld does not arise because it depends on the viscosity. Phenomenological models of intermittency therefore lead to a spectrum of the form 3. Finally, we must show that Lo and X = 6-bTo are indeed the integral length and time scales of ED(k, t). This is intuitively clear, since ED is defined to have the same inertial range as El, which means that Lo should be unchanged, and since v is the time scale at which the velocity correlation is finite in time. Nevertheless, we establish this more formally.
Define the normalized correlation as Rij(x, t) = Qi1(x, t)/Qii(0, 0). [18] Depending on the scale at which this expression is evaluated, both numerator and denominator on the right-hand side may diverge as -* 0. The ratio, however, will be less than one. To simplify the definitions, we assume homogeneous and isotropic turbulence. The integral length and time scales are defined as L Rii(r, O)dr and fRii(0, t)dt, [19] respectively, where any i may be used (20 
Ei(k', t')dk'dt', [22] = fZ (k', O)k' zdk'J T(t')dt' [23] C_ 
